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Abstract
Topological quantum computation aims to employ anyonic quasiparticles with exotic braiding
statistics to encode and manipulate quantum information in a fault-tolerant way. Majorana zero
modes are experimentally the simplest realisation of anyons that can non-trivially process quan-
tum information. However, their braiding evolutions, necessary for realising topological gates,
still remain beyond current technologies. Here we report the experimental encoding of four Majo-
rana zero modes in an all-optical quantum simulator that give rise to a fault-tolerant qubit. We
experimentally simulate their braiding and demonstrate both the non-Abelian character and the
topological nature of the resulting geometric phase. We realise a full set of topological and non-
topological gates that can arbitrarily rotate the encoded qubit. As an application, we implement
the Deutsch-Jozsa algorithm exclusively by topological gates. Our experiment indicates the in-
triguing possibility of the experimental simulation of Majorana-based quantum computation with
scalable technologies.
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Quantum computers promise to perform particular tasks exponentially more efficient
than their classical counterparts [1]. The key obstacle towards the realisation of a scalable
quantum computer is overcoming environmental and control errors. A promising platform to
build a fault-tolerate quantum computer is to use anyonic quasiparticles with non-Abelian
statistics [2–4]. The non-local states of anyons can encode qubits that are unaffected by
local environmental perturbations [5]. In addition, the logical quantum gates correspond to
braiding evolutions of anyons that are inherently immune to control errors [3, 6].
In the past decades, non-Abelian anyons have been extensively theorised in condensed
matter systems [7–10]. The most promising direction for realising non-Abelian anyons is the
investigation on Majorana zero modes (MZMs). There are already several positive signa-
tures for the realisation of MZMs in the laboratory [11–18]. Nevertheless, the experimental
realisation of braiding operations is still a challenging open problem. Here, we report the
quantum simulation of four MZMs in a network of two Kitaev chains and their braiding and
dynamical evolutions. For that we encode the Kitaev Chain Model (KCM) that supports
MZMs at its endpoints in an all-optical simulator [19]. The model encoding in our experi-
ment is implemented in two steps. Firstly, we transform the fermion system to a spin-1/2
system through a Jordan-Wigner (JW) transformation [20, 21]. Secondly, we encode the
spin-1/2 system into the spatial modes of single photons.
The optical simulation allows us to fully control the MZMs with a high fidelity. It is
known that by braiding different pairs of MZMs we can realise only Clifford gates [22], such
as the Hadamard gate, H = 1√
2
 1 −1
1 1
, the (−pi
4
)-phase gate, R =
 1 0
0 −i
, which are
not universal for quantum computation [23]. The inclusion of a non-Clifford gate, such as the
pi
8
-phase gate, T =
 1 0
0 eipi/4
, can resolve this problem [24]. We simulate the pi
8
-phase gate
by moving two MZMs at the same site and exposing them to a controlled local perturbation.
We experimentally demonstrate that, unlike the H and the R topological gates, the pi
8
-phase
gate is not immune to local perturbations. Nevertheless, ‘magic state distillation’ [25] can
be used to produce error-corrected pi
8
-phase gates from noisy ones. This approach permits
an impressive high error threshold, over 0.141 [22], for noisy gates. In addition, recent
results show that the number of non-topological pi
8
-phase gates can be dramatically reduced
in quantum algorithms [26, 27], which significantly improves the overall fault-tolerance of
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MZM quantum computation. We finally implement the Deutsch-Jozsa algorithm [28], which
requires only the application of H and R gates on a single qubit encoded in MZMs and is
thus topologically protected at all times [29]. When access to an arbitrary number of Kitaev
chains is possible, two-qubit topological gates can be realised by employing the braiding
control procedures presented here.
UNIVERSAL QUANTUMCOMPUTATIONWITHMAJORANA ZEROMODES
The smallest system of two connected Kitaev chains that remains fault-tolerant against lo-
cal perturbations at all times during the braiding evolution comprises of six fermion sites [30].
Using six rather than five sites guarantees that no pairs of MZMs ever meet at the same site
(see Supplementary Information Figs. S1 and S2). Here we describe these fermions through
the canonical operators cj and c
†
j, with positions j = 1, ..., 6, where j = 1, 2 constitutes
the first chain, j = 4, 5, 6 constitutes the second and j = 3 corresponds to the link between
them, as shown in Fig. 1. The Kitaev model for the two chains is given in terms of Majorana
operators, γja = cj + c
†
j and γjb = i(c
†
j − cj), by the Hamiltonian
HM0 = i(γ1bγ2a + γ4bγ5a + γ5bγ6a) + iγ3aγ3b. (1)
The Majorana operators γm satisfy the relations γ
†
m = γm and γlγm + γmγl = 2δlm for
l,m = 1a, 1b, ..., 6a, 6b. Note that the particular operators γ1a, γ2b, γ4a and γ6b are not present
in Hamiltonian (1), so [HM0 , γj] = 0 for j = 1a, 2b, 4a, 6b. As a result, these Majorana modes
have zero energy, giving rise to four endpoint MZMs, denoted as A, B, C and D in Fig. 1. The
logical qubit states are taken to be |0L〉 = |00g〉 and |1L〉 = |11g〉 corresponding to the de-
generate ground-states of HM0 with even fermion parity, given by |00g〉 = Nf1d1f2d2d3|vac〉
and |11g〉 = Nf †1f †2 |00g〉, where f1 = (γ1a + iγ2b)/2, f2 = (γ6b + iγ4a)/2, d1 = (γ1b + iγ2a)/2,
d2 = (γ4b + iγ5a)/2 and d3 = (γ5b + iγ6a)/2. For convenience we denote the appropriate
normalisation constant by N (see Methods).
The Hadamard gate H on the logical qubit can be realised by anticlockwise braiding the
MZMs A and C positioned at sites 1 and 4, respectively. The transport of the MZMs around
the chain network is performed by adiabatically evolving the system through the following
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sequence of Hamiltonians, HM0 , Hh1 , Hh2 , Hh3 and HM0 , where
Hh1 = i(γ1bγ2a + γ1aγ3a + γ5bγ6a) + iγ4aγ4b,
Hh2 = i(γ1bγ2a + γ1aγ3a + γ3bγ4b + γ5bγ6a),
Hh3 = i(γ1bγ2a + γ1aγ3a + γ4bγ5a + γ5bγ6a).
(2)
A depiction of the resulting MZMs transportation is shown in the Supplementary Informa-
tion (Fig. S1). The ground states of these Hamiltonians have the MZMs located at the
desired sites. Hence, braiding can be implemented by a set of consecutive imaginary-time
evolution (ITE) operators, e−HM0 t, e−Hh1 t, e−Hh2 t, e−Hh3 t and e−HM0 t, where t is taken to be
large enough for these operators to faithfully represent projectors onto the corresponding
ground states [31]. The resulting evolution can be written in the logical basis {|00g〉, |11g〉}
as H = 1√
2
 1 −1
1 1
 (see Methods for details).
To realise the R gate on the logical qubit we need to anticlockwise braid the MZMs C and
D. The braiding is performed by switching between the corresponding Hamiltonians Hr1 , Hr2
and Hr3(details can be found in the Supplementary Information). This time evolution can
be implemented by a set of consecutive ITE operators, e−HM0 t, e−Hr1 t, e−Hr2 t, e−Hr3 t and
e−HM0 t. The resulting effective evolution is given by R =
 1 0
0 −i
 in the logical basis.
The Hermitian conjugate gates, H† and R†, are produced by reversing the orientation of the
exchanging paths. Realising the Hadamard gate, H, and the (−pi
4
)-phase gate, R, by braiding
MZMs demonstrates the non-Abelian character of the MZMs. When these two operations
are performed in reverse order, they give a different composite statistical evolution, since
HR 6= RH.
To realise the pi
8
-phase gate we place two MZMs at the same site and apply a local field.
This causes the splitting of the ground state degeneracy for a certain time, during which
the appropriate phase factor is accumulated [24]. In particular, we transport the B and C
MZMs to site 3 by a set of ITE operations. Then the population dependent Hamiltonian
He = −iγ3aγ3b is operated for a certain time τ , as shown in Fig. 1c. Finally, the MZMs
are transferred back to their initial position. The details of this process can be found in
the Supplementary Information. During this evolution, the qubit states are transformed by
M =
 cos τ −i sin τ
−i sin τ cos τ
 = e−iσxτ . With the help of the Hadamard gate we can obtain
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the pi
8
-phase gate as H†MH = e−iτ
 1 0
0 e2iτ
. Thus, the pi
8
-phase gate can be achieved by
choosing the time to be τ = pi
8
. This gate is not protected against noise perturbations acting
on site 3 when both MZMs are positioned there. Moreover, unlike the braiding gates, the
dynamical gate is sensitive to timing errors.
During the realisation of the H and R topological gates the braided MZMs are never
positioned at the same site. So these gates are immune to arbitrary single-site perturbative
errors. The pi
8
-phase gate is not expected to be resilient against perturbations that act
on site 3, where the two MZMs are brought together. Such perturbations can lift the
degeneracy of the logical basis states thereby causing dephasing of the encoded quantum
information. Nevertheless, the contributions of sufficiently random perturbations cancel
out algebraically. We experimentally simulate the influence of a variety of noise patterns
during the implementation of the pi
8
-phase gate and report their effect on the fidelity of the
topologically encoded information.
Intriguingly, the Deutsch-Jozsa algorithm [28] can be performed exclusively by non-
universal braiding evolutions [29] and thus it can be realised in a topologically fault-tolerant
way. The process for implementing the Deutsch-Jozsa algorithm on a single qubit is shown in
Fig. 1d. The required Hadamard gate operation can be realised by exchanging the MZMs A
and C, while the unitary operation Uf is either the identity gate (do nothing) or the σz gate,
realised by two successive braidings of C and D. A detailed description of the Deutsch-Jozsa
algorithm can be found in the Supplementary Information.
EXPERIMENTAL SETUP
To simulate the braiding evolutions of MZMs we transform the fermionic Hamiltonians
HM0 , Hh1 , Hh2 and Hh3 , via a JW transformation, into the equivalent spin Hamiltonians,
H0, H1, H2 and H3, respectively, where
H0 = −σx1σx2 + σz3 − σx4σx5 − σx5σx6 ,
H1 = −σx1σx2 + σy1σz2σx3 + σz4 − σx5σx6 ,
H2 = −σx1σx2 + σy1σz2σx3 + σx3σy4 − σx5σx6 ,
H3 = −σx1σx2 + σy1σz2σx3 − σx4σx5 − σx5σx6 .
(3)
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During the adiabatic process the spin system has the same spectrum as the fermion system
at all times. Hence, both systems share the same evolution operators when written in their
corresponding basis [21, 31] (see Methods). In particular, the transport of MZMs can be
faithfully studied in the equivalent spin system. Due to the commutation relations between
the terms of H0, H1, H2 and H3, the total process of ITE can be further simplified to
be e−H0te−H3te−H2te−H1t|φ0〉 = e−σz3 teσx4σx5 te−σx3σy4 te−σy1σz2σx3 te−σz4 t|φ0〉, where |φ0〉 is the ground
state of H0 (see Methods). To simulate the above dynamics, we need, in principle, a 2
7-
dimensional Hilbert space, that corresponds to six spins for the chain network and an extra
spin for implementing dissipation. However, due to the character of the ITE, we need to
focus only on manipulations that act on the low-energy subspace, which is 25-dimensional.
The experimental setup that realises the braiding evolution of MZMs A and C is shown
in Fig. 2a. We encode the quantum states in the optical spatial modes of photons and
manipulate them by beam displacers (BDs). A beam displacer is a birefringent crystal, which
separates light beams with horizontal and vertical polarisations by a certain displacement
that depends on the length of the crystal [32]. Different settings of the optical axis of
BDs, result in the light beams being separated in different directions. In our experiment,
the polarisation of the photons is used as the environmental degree of freedom for the
realisation of the ITE operations. The coupling between the spatial modes and the photon
polarisation is achieved using half-wave plates (HWPs), which rotate the polarisation of the
corresponding modes. Quarter-wave plates (QWPs) are used to introduce the desired relative
phases. Combinations of HWPs and QWPs can be used to rotate the basis of the states
to the corresponding Hamiltonian. A dissipative evolution is accomplished in two steps.
Initially, photons are passed through a polarising beam splitter (PBS), which transmits the
horizontal component and reflects the vertical one. Subsequently, photons with vertical
polarisation are completely dissipated and only the ones with horizontal polarisation are
preserved. The resulting states correspond to the ground state of the spin chain system.
In this way, the state |φ0〉 is initially prepared and is then sent to the ITE operation of
H1, H2, H3 and H0 for the braiding of A and C. Each of the ITE operations, are shown
in the amplified panels in Fig. 2a, including an illustration of the basis rotations and the
dissipative evolutions. During the experiment, we need to construct a stable interferometer
with eight spatial modes. The effective operator of our setup is reconstructed by quantum
process tomography with 256 measurements [33].
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The experimental configurations that demonstrate the braiding of C and D and the pi
8
-
phase gate are similar to the one shown in Fig. 2a and are given in the Supplementary
Information. We further investigate the robustness against noise of the pi
8
-phase gate. Two
different types of errors are considered, the phase error realised by the spin operation (1 +
σz)/2 and the flip error realised by (σyσy +σxσx)/2 (details in Supplementary Information).
The experimental configurations that realise these errors are shown in Figs. 2b and c.
Realisation of gate operations and implementation of the Deutsch-Jozsa algorithm
In order to identify the quantum gates resulting from the braiding of MZMs, we express
the data in the logical basis {|00g〉, |11g〉}. The transformation between the logical basis
and the eigenstates of H0 is shown in the Methods. The operators can be described in
the 4-dimensional basis {I,X,Y,Z}, where I represents the identity and where X, Y and Z
represent the three Pauli operators σx, σy and σz, respectively. The experimental result for
the implementation of H = (I − iY)/√2 is shown in Figs. 3a (real part) and b (imaginary
part). The overall fidelity of the braiding operator is 93.47± 0.02%. For the pi
8
-phase gate,
T = cos pi
8
I−i sin pi
8
Z, the experimental fidelity is 92.57±0.01%. The real and imaginary parts
of the density matrix are shown in Fig. 4a and b. The (−pi
4
)-phase gate, R = cos pi
4
I+i sin pi
4
Z,
is further demonstrated with a fidelity of 93.44 ± 0.01%. The whole density matrices in
the basis of {|00g〉, |01〉g, |10〉g, |11g〉} corresponding to these operations are given in the
Supplementary Information.
With these gates in hand, the Deutsch-Jozsa algorithm, shown in Fig. 1d, can be demon-
strated in the following way. First we prepare the input state |00g〉. If the operation
in the box is the identity (constant function), the braiding operation of UAC (braiding
MZMs A and C) is implemented twice directly on the input state. The final state can
be written as UACUAC|00g〉 = |11g〉, which corresponds to implementing the H · I · H gate
operations. If the operation in the box is σz (balanced function), the final state becomes
UACUCDUCDUAC|00g〉 = |00g〉, where UCD corresponds to the braiding of C and D. These
gate operations can be written as H · R2 · H. In our experiment, the output states, denoted
as ρec and ρ
e
b for constant and balanced operations, respectively, are directly calculated from
the experimentally reconstructed operators UAC and UCD. The state evolution during the
operation of the Deutsch-Jozsa algorithm are shown in Figs. 3e and f, where the black dots
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TABLE I. Experimentally determined final state fidelities for different gate operations.
Input Hadamard (−pi4 )-phase pi8 -phase
|00g〉 96.14(1)% 99.43(1)% 99.39(2)%
|11g〉 98.81(1)% 98.49(1)% 99.16(2)%
(|00g〉 − i|11g〉)/
√
2 98.69(2)% 99.28(1)% 98.16(3)%
(|00g〉+ |11g〉)/
√
2 99.07(1)% 99.78(1)% 99.29(1)%
and the coloured dots represent the corresponding theoretical and experimental results, re-
spectively. The corresponding braiding patterns with isolated MZMs A, B, C, and D are
shown in Figs. 3c and d.
Table I shows the experimentally determined final state fidelities for different gate oper-
ations. The input states are |00g〉, |11g〉, (|00g〉 − i|11g〉)/
√
2 and (|00g〉 + |11g〉)/
√
2. For
the Hadamard gate, H, the final states correspond to (|00g〉+ |11g〉)/
√
2, (|00g〉− |11g〉)/
√
2,
(|00g〉 − i|11g〉)/
√
2 and |11g〉, respectively. For the (−pi4 )-phase gate, R, the final states
correspond to |00g〉, |11g〉, (|00g〉− |11g〉)/
√
2 and (|00g〉− i|11g〉)/
√
2. For the pi
8
-phase gate,
T, the final states correspond to cos pi
8
|00g〉 − i sin pi8 |11g〉, sin pi8 |00g〉+ i cos pi8 |11g〉,
[
(cos pi
8
−
sin pi
8
)|00g〉− i(cos pi8 +sin pi8 )|11g〉
]
/
√
2 and
[
(cos pi
8
− i sin pi
8
)|00g〉+(cos pi8 − i sin pi8 )|11g〉
]
/
√
2.
The final state fidelities are all above 96%. This result shows the high quality of the optical
setup. The errors of the fidelities are estimated from the counting statistics.
Fault-tolerance of quantum gates in the presence of noise
We now experimentally investigate the influence of noise during the implementation of
the gate operations. More concretely, we add phase errors and flip errors on different sites
during the control operations that give the pi
8
-phase gate. The effective one-qubit gates in
our scheme act on the space spanned by {|00g〉, |11g〉}. Fig. 4 shows the final experimental
density matrices with errors on different sites. For comparison, Figs. 4a and b show the
real and imaginary parts of the density matrix after the implementation of the pi
8
-phase gate
without adding any errors at all. When local phase errors happen on site 4 during the gate
manipulations, only one MZM is disturbed at a time and the operation remains unaffected.
This resilience of the encoded information is clearly shown in Figs. 4c and d. On the
other hand, when the phase error is implemented on site 3, both MZMs are simultaneously
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disturbed. Hence, the final state is corrupted as it is no longer topologically protected. A
detailed analysis is given in the Supplementary Information.
Besides phase errors, we also consider flip errors. In the fermionic system a flip error
happens when a fermion erroneously tunnels between neighbouring sites [30]. This evolution
can be exponentially suppressed by increasing the potential barrier between the two sites.
Flip errors degrade the encoded information, if the MZMs are positioned on the same or on
neighbouring sites to where the flip error acts. If the flip error acts on sites that are not
occupied by MZMs then the encoded information remains intact. To demonstrate this, we
implement a flip error between sites 4 and 5 when the MZMs are both on site 3. In this case
the operation remains unchanged, as shown in Figs. 4e and f. However, if the flip error acts
on sites 3 and 4 while both MZMs are positioned on site 3, then the operation is corrupted,
as shown in Figs. 4g and h.
CONCLUSIONS AND DISCUSSION
In summary, we have experimentally demonstrated that it is in principle possible to
implement fault-tolerant quantum computation with MZMs. Our quantum simulation is
based on the dissipation method for the implementation of the geometric phase introduced
in our previous work [31]. There we experimentally simulate a single Kitaev chain and
demonstrate the Abelian braiding statistics of its two endpoint MZMs. Here we employ
two chains with four endpoint MZMs to encode a single topological qubit. We find that
the experimentally obtained geometric phases are non-Abelian and topological in agreement
with the braiding statistics of MZMs. We realised the basic Hadamard gate, H, and (−pi
4
)-
phase gate, R, by simulating the braiding of MZMs. The pi
8
-phase gate is demonstrated by
moving two MZMs to the same site and subjecting them to population dependent realtime
evolution by turning on a local chemical potential.
Due to the specific nature of our optical simulator we are able to perform control oper-
ations with very high fidelity, but the scalability of our system is limited. However, when
more than two Kitaev chains are available, full-scale topological quantum computation with
MZMs can be performed by employing exactly the same control procedures demonstrated
here, applied to arbitrary pairs of chains. Scalable MZM quantum computation can be
achieved by translating our photonic simulator implementation to scalable systems, such as
9
ion traps [34] or ultracold atoms [35] technologies, where the ITE dissipation methods have
already been established.
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METHODS
Performing imaginary-time evolution. Any pure state |φ〉 can be expressed in a com-
plete set of eigenstates |ek〉 of a certain Hamiltonian H as |φ〉 =
∑
k qk|ek〉, where qk’s rep-
resent the corresponding complex amplitudes. The ITE operator associated to H is given
by exp(−Ht)∑k qk|ek〉 = ∑k qk exp(−Ekt)|ek〉, where Ek is the eigenvalue corresponding
to |ek〉. After the ITE, the amplitude qk is changed to qk exp(−Ekt). The decay of the
amplitude dependents exponentially on the energy: the higher the energy, the faster the
decay of the amplitude. Therefore, only the ground states (with lowest energy) survives for
large times t. The evolution time t is chosen to be long enough to drive the input state to
the ground state of H with high fidelity.
The implementation of the ITE operations, employed to perform the braiding, can be
simplified as the terms of the corresponding Hamiltonians commute with each other. For
example, e−H0t can be decomposed into eσ
x
5σ
x
6 te−σ
z
3 teσ
x
4σ
x
5 teσ
x
1σ
x
2 t. The ITE operator of each
term can be directly implemented by local unitary operations and dissipation. To perform
the dissipation in a controlled way, an environmental degree of freedom is introduced and it
is appropriately coupled to the system. The total state of the system and its environment
can be written as |φt〉 = (|φg〉|0e〉 + |φ⊥g 〉|1e〉)/
√
2, where |φ⊥g 〉 denotes the states that are
orthogonal to the ground state |φg〉 of the system. The environmental state |1e〉 is dissi-
pated during the evolution, and only |0e〉 is preserved. Therefore, the ground state of the
corresponding Hamiltonian is obtained.
Encoding logical qubits in physical states. For the two-chain Kitaev model with a
total of six fermions, we define the two basis of the ground-state space of the first chain
comprised by the fermion 1 and 2 as |012f〉 = −i
√
2f1d1|vac〉 = (1 + c†1c†2)|vac〉/
√
2 and
|112f〉 = f †1 |012g〉 = (c†2 + c†1)|vac〉/
√
2, where f1 = (γ1a + iγ2b)/2, d1 = (γ1b + iγ2a)/2. In
the same way, we define the basis in the ground-state space of the chain comprised by the
fermion 4, 5 and 6 as |1456f〉 = 2f2d2d3|vac〉 = − i2(c†4c†5c†6 + c†4 + c†5 + c†6)|vac〉 and |0456f〉 =
f †2 |1456g〉 = − i2(I + c†4c†5 + c†4c†6 + c†5c†6)|vac〉, where f2 = (γ6b + iγ4a)/2, d2 = (γ4b + iγ5a)/2
and d3 = (γ5b + iγ6a)/2.
Under the JW transformation the MZMs can be faithfully studied in the equivalent spin
system. The ground states of Hamiltonians (3) can be expressed in terms of the eigenvectors
{|x〉, |x¯〉}, {|y〉, |y¯〉} and {|z〉, |z¯〉} of the Pauli operators σx, σy and σz, respectively. By
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defining the vacuum states as |vac12〉 = |z¯1z¯2〉 and |vac456〉 = |z¯4z¯5z¯6〉, the corresponding
states of the spin system are given by |012f〉 ↔ |012〉 = (|z¯1z¯2〉+ |z1z2〉)/
√
2, |112f〉 ↔ |112〉 =
(|z1z¯2〉 + |z¯1z2〉)/
√
2, |1456f〉 ↔ |1456〉 = (|z4z5z6〉 + |z4z¯5z¯6〉 + |z¯4z5z¯6〉 + |z¯4z¯5z6〉)/2 and
|0456f〉 ↔ |0456〉 = (|z¯4z¯5z¯6〉+ |z4z5z¯6〉+ |z4z¯5z6〉+ |z¯4z5z6〉)/2 .
Under these transformations we have, |x1x2〉 = (|012〉 + |112〉)/
√
2, |x¯1x¯2〉 = (|012〉 −
|112〉)/
√
2, |x4x5x6〉 = (|0456〉 + |1456〉)/
√
2 and |x¯4x¯5x¯6〉 = (|1456〉 − |0456〉)/
√
2. Using the
same notation for the corresponding logical basis in the fermionic and the spin systems we
define the logical basis as |00g〉 = |0120456〉|z¯3〉, |01g〉 = |0121456〉|z¯3〉, |10g〉 = |1120456〉|z¯3〉 and
|11g〉 = |1121456〉|z¯3〉. The transformation between the X, Y and Z basis and the logic basis
is given by 
|x1x2z¯3x4x5x6〉
|x1x2z¯3x¯4x¯5x¯6〉
|x¯1x¯2z¯3x4x5x6〉
|x¯1x¯2z¯3x¯4x¯5x¯6〉
 =
1
2

1 1 1 1
−1 1 −1 1
1 1 −1 −1
−1 1 1 −1


|00g〉
|01g〉
|10g〉
|11g〉
 . (4)
By omitting for simplicity normalisation factors, the ground state of H0 can be expressed as
|φ0〉 = α|x1x2z¯3x4x5x6〉+ β|x¯1x¯2z¯3x4x5x6〉+ µ|x1x2z¯3x¯4x¯5x¯6〉+ ν|x¯1x¯2z¯3x¯4x¯5x¯6〉
=(α + β − µ− ν)|00g〉+ (α + β + µ+ ν)|01g〉
+ (α− β − µ+ ν)|10g〉+ (α− β + µ− ν)|11g〉.
(5)
After the braiding evolution between the A and C MZMs, the final state becomes
|φ4〉 = (α + β)|x1x2z¯3x4x5x6〉+ (µ− ν)|x1x2z¯3x¯4x¯5x¯6〉
+ (β − α)|x¯1x¯2z¯3x4x5x6〉+ (µ+ ν)|x¯1x¯2z¯3x¯4x¯5x¯6〉
= (β − µ)|00g〉+ (β + µ)|01g〉+ (α + ν)|10g〉+ (α− ν)|11g〉.
(6)
As a result, the unitary transformation associated to the braiding evolution becomes
U =
1√
2

1 0 0 −1
0 1 −1 0
0 1 1 0
1 0 0 1
 . (7)
If we focus on the even fermionic parity sector spanned by |00g〉 and |11g〉, the unitary
transformation becomes
U =
1√
2
 1 −1
1 1
 . (8)
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Therefore, the braiding of A and C corresponds to a Hadamard gate operation on the basis
of |00g〉 and |11g〉. Similar analysis is applicable to the (−pi4 )-phase gate and the pi8 -phase
gate, as shown in the Supplementary Information.
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FIG. 1. The set of universal quantum gates and the Deutsch-Jozsa algorithm. The Kitaev chains
consist of six fermions (numbered from 1 to 6) with four endpoint Majorana zero modes A, B, C
and D, which can be used to demonstrate the universal gates. Each two Majorana fermions in the
blue ellipse form a conventional fermion. The dashed lines between different Majorana fermions
represent the initial interactions between them. a. The anticlockwise braiding of Majoranas
A and C, implements a Hadamard gate, H, acting on the logical qubit. b. The anticlockwise
braiding of Majoranas C and D, implements a (−pi4 )-phase gate, R, acting on the logical qubit.
c. The real time population-dependent evolution on Majoranas B and C, which is realised by
transporting the two MZMs to a single site (site 3 in our experiment) and applying a coupling
between them, leads to a pi8 -phase gate, T, acting on the logical qubit. d. The process that
implements the Deutsch-Jozsa algorithm in a topologically protected manner. The Hadamard gate
is implemented by anticlockwise braiding A and C. The unitary operation, Uf , considered as a
black box whose character needs to be determined, can be either the identity (corresponding to
the constant function) or the σz operation which can be implemented by two successive braiding
of C and D (corresponding to the balanced function).
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FIG. 2. Experimental setup. a. Experimental setup for the exchange of A and C. The imaginary-
time evolutions of the involved Hamiltonians are realised in the panels. Half-wave plates (HWP),
quarter-wave plates (QWP) and beam displacers (BDs) are used to rotate the states in the basis
of the eigenstates of the corresponding Hamiltonian. The dissipative evolution is carried out by
polarisation beam splitters (PBSs). By appropriately setting the axis of BDs, photons separate in
different directions. b. and c. The setups that simulate the phase error and flip error.
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FIG. 3. Experimentally obtained density matrices from the Hadamard gate operation and the
state evolution in the Deutsch-Jozsa algorithm. a. Real (Re) and b. Imaginary (Im) parts of the
Hadamard gate operator. The measurement basis of I, X, Y and Z represent the identity, σx, σy
and σz, respectively, acting on the logical qubit. The possible evolutions of the initial state of |00g〉
during the Deutsch-Jozsa algorithm are shown in e (Identity operation) and f (σz operation). Black
dots are the theoretical predictions and coloured dots are the corresponding experimental results.
The braiding patterns of the four MZMs A, B, C and D that correspond to the implementation of
the Deutsch-Jozsa algorithm with Uf being the identity or the σ
z operation are shown in c. and
d., respectively.
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FIG. 4. Experimental results of the effect phase and flip errors have during the pi8 -phase gate on
the logical qubit encoded in the basis |00g〉 and |11g〉. a. Real (Re) and b. Imaginary (Im) parts
of the density matrix without errors. c. Real (Re) and d. Imaginary (Im) parts of the density
matrix with phase error on site 4. e. Real (Re) and f. Imaginary (Im) parts of the density matrix
with flip error on sites 4 and 5. g. Real (Re) and h. Imaginary (Im) parts of the density matrix
with flip error on sites 3 and 4.
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